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A calculation model is proposed for the problem of moisture migration 
in freezing softs. The location, thickness, andnumberoftheicelenses 
are calculated. 

The usual  models [1, 2] of the p roces s  of mo i s tu re  
migra t ion  in f reezing soils  are  based on two a s sump-  
tions: 1) mois tu re  migra t ion  takes place only in the 
unfrozen soil; and 2) soil mois tu re  mig ra t e s  to a con- 
t inuously moving f reez ing  front.  Recent  evidence sug- 
ges t s  that these assumpt ions  are  not rea l i s t i c .  Thus,  
it  has been exper imenta l ly  es tabl i shed that the f r e e z -  
ing f ront  does not always coincide with the i c e - f o r m -  
ing f ront  but usual ly  outs t r ips  it, i . e . ,  mois tu re  m i -  
gra t ion  takes place not only in the unfrozen but also 
in a ce r t a in  zone of f reez ing  soil [3, 4]. 

The f reez ing  front  is  the boundary at which the 
p r inc ipa l  par t  of the soil mois tu re  is  conver ted into 
ice at the t empera tu re  at which f reez ing  begins.  (We 
a r b i t r a r i l y  assume that this t empera tu re  is equal to 
0%) The i ce - fo rming  front  is  the boundary at which 
ice l enses  form and grow. Obviously, the p roce s se s  
of mo i s tu re  migra t ion  in the f reez ing  soi l  and the 
under ly ing  unfrozen soil are  cont inuously  re la ted,  and 
therefore  in the calcula t ion model i tself  it is  neces -  
sary  to take into account this continuous re la t ionship  
between the m a s s  t r ans fe r  p roces se s  in the unfrozen 
and f reez ing  zones.  

Soil mo i s tu re  mig ra t e s  to the s ta t ionary  i c e - f o r m -  
ing front,  i . e . ,  to the growing lenses  and i n t e r l a y e r s  
of ice. In calculat ing the process  of mo i s tu re  migra t ion  
to the growing ice lenses ,  it is genera l ly  neces -  
sa ry  to cons ider  the t r ip le  sys tem " i c e - f r e e z i n g  s o i l -  
unfrozen soil." This  sys tem more  closely re f l ec t s  the 
essence  of the c rys t a l I i za t ion - f i lm  mechan i sm  of 
mo i s tu r e  migra t ion ,  s ince the mois tu re  migra tes  to 
the s ta t ionary  i ce - fo rming  front  and not to the moving 
f reez ing  front.  The p roces se s  of format ion  of the dif- 
fe rent  l enses  and l aye r s  of ice are essen t i a l ly  the 
same and differ only quanti tat ively;  therefore  it i s  
sufficient to cons ider  in genera l  form the p rocess  of 
formation of a single lens. 

The expression describing the motion of the freez- 
ing front is, in general, a continuous function of time. 
During the motion of the freezing front, of course, 
there may be pauses when the flow of heat to the freez- 
ing front is equal to the flow of heat away from it. At 
the same time, the motion of the ice-forming front is 
discontinuous in character: a sequence of pauses at 
the boundary of ice lens formation and growth with 
sudden shifts to a new- (lower-lying) boundary. The 
duration of the pause is determined by the time of 
growth of the ice lens at the expense of ~he moisture 
of the unfrozen soil. At the moment this growth ceases, 
the ice-forming front descends abruptly to a new level, 

where the p rocess  of lens format ion and growth recom-  
mences .  Obviously, a pause in the motion of the f r eez -  
ing f ront  is  possible  only when it coincides  with the 
i ce - fo rming  front.  It should be emphasized that the 
migra t ion  of mois tu re  to the s ta t ionary  i ce - fo rming  
front takes place both dur ing a cer ta in  pause and dur -  
ing the subsequent  motion of the f reezing front.  Thus,  
at the boundary of the moving f reezing f ront  we speci -  
fy not a ce r t a in  value of the mois tu re  potential  (as in 
exis t ing models),  but equality of the potent ials  and nai- 
gra t ing mois ture  fluxes in the unfrozen and freezing 
soils .  

Fig. 1. Calculat ion model of the 
growth of an ice lens.  

This treatment makes it possible to determine the 
cryogenic texture of the frozen soil, i.e., to calcu- 

late the thickness of the ice lenses and the mineral 
interlayers over the entire depth of the active layer. 

The calculation model of the moisture migration 
process is shown schematically in Fig. I. In calculat- 
ing the growth of each ice lens we place the coordi- 
nate origin at the corresponding ice-forming front. 
The following notation has been employed: 0 is the 
mois tu re  potential ;  K is the potential  diffusivity; X is  
the mass  conductivity;  ~ is  the f reezing depth; r is 
t ime;  x is a coordinate.  

The p a r a m e t e r s  xl, ~-1, mid ~h re la te  only to the 
given ice lens;  the p a r a m e t e r s  without a subscr ip t  1, 
i~ e~ x, ~, and r ,  re la te  to the ent i re  f reez ing  layer .  
The boundary x I = 0 (at depth ~) r ep re sen t s  the lower 
face of the growing ice tens. Be!ow the ice tens lie 
the f reez ing  zone (0 _ x 1 _< ~1) and the unfrozen soil 
(~1 -< xl -< ~). The p a r a m e t e r s  0, K, and • re la t ing  to 
the f reez ing  zone, are  denoted by the subscr ip t  m, 
those re la t ing  to the unfrozen zone by the subscr ip t  n. 
tn Fig.  1, the ice lens ,  the f reez ing  zone, and the uaf ro-  
zen soil are  numbered  1, 2, and 3, respect ively .  
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At the su r f ace  x t = 0, i . e . ,  at the i c e - f o r m i n g  
front ,  we a s s ign  a m o i s t u r e  potent ia l  which should be 
r e g a r d e d  as  the energy  c h a r a c t e r i s t i c  of the m o i s t u r e  
f ie ld  of the so i l  in d i r e c t  contac t  with the growing ice  
lens.  Since the t e m p e r a t u r e  at the i c e - f o r m i n g  front  
v a r i e s  with t ime ,  the va lue  of the c o r r e s p o n d i n g  poten-  
t i a l  wil l  g e n e r a l l y  be t ime  vary ing .  At the boundary  
xl = ~1, L e . ,  at the boundary between the f r eez ing  and 
unfrozen so i l s ,  as a l r e ady  noted, we a s s u m e  equal i ty  
of the poten t ia l s  and m o i s t u r e  f luxes.  The in i t i a l  d i s -  
t r ibut ion  of the m o i s t u r e  potent ia l  of the unfrozen so i l  
beneath the growing ice lens  wi l l  not be cons tan t  with 
r e s p e c t  to depth. However ,  to s impl i fy  the p rob lem,  
we a s s u m e  a constant  potent ia l ,  which in gene ra l  l e ads  
to a c e r t a i n  i n c r e a s e  in the th ickness  of the ice  l enses .  

B e f o r e ' p r o c e e d i n g  to a ma themat i ca l  fo rmula t ion  of 
the p rob lem,  we wil l  make  a number  of aux i l i a ry  c a l -  
cu la t ions  to d e t e r m i n e  the l ens  growth t ime  (~'c + l"p), 
the depth I to which the so i l  i s  f rozen  beneath the lens,  
and the t e m p e r a t u r e  and mean va lue  of the m o i s t u r e  
potent ia l  at the i c e - f o r m i n g  front ,  ti, 0av, r e s p e c t i v e -  
ly. 

At the su r f ace  of the so i l  we take the mean win te r  
va lue  of the t e m p e r a t u r e  tB; the in i t ia l  t e m p e r a t u r e  
of the soi l  is  a s sumed  constant  with r e s p e c t  to depth 
and equal to t o . Using the method of s u c c e s s i v e  sub-  
s t i tu t ion  of q u a s i - s t a t i o n a r y  s t a t e s  in the f rozen  zone, 
we wr i t e  the Stefan condit ion at the f r eez ing  boundary 

d~ ~,unf to 
d I: ]/z~-~unf X 

1 exp - -  

V T  eric ~ ~ _  ]/aunf) 

- - : ~  Vu ~ 2 V a.od' 

whence we find the ave raged  law of f r e e z i n g  

~ = ~ V ~ ,  

where  

] /  ( ~-unfto..~ 2ktQ'" Xu,fto 

Q = aw + l'33~uaft~~ (2) 

kf and ~'unf a r e  the t h e r m a l  conduct iv i t i es  of the frozen:  
and unfrozen soil ;  n u n  f is  the t h e r m a l  d i f fus ivi ty  of the 
unfrozen soil ;  w is the volume m o i s t u r e  content  of the 
soi l ;  and c~ is  the speci f ic  heat  of phase  t r ans i t i ons .  
In what fol lows,  for  s impl ic i ty ,  we a s s u m e  that to = 0. 

One of the p r inc ipa l  p r o b l e m s  i s  the de t e rmina t i on  
of the lens  growth t ime  (in o ther  words ,  the dura t ion  
of the pause  in the motion of the i c e - f o r m i n g  front) .  
We a r b i t r a r i l y  a s sume  that the fo rma t ion  and growth 
of an ice  lens  begins  only a f te r  the over ly ing  lens  
c e a s e s  to grow at the expense  of m o i s t u r e  f rom the un- 
f rozen  soi l .  The lens  g rowth  t ime  is composed  of the 

t ime  during which the f r eez ing  f ront  pauses  (Tp) and 
the t ime  dur ing  which i t  i s  in motion (~'c) up to the next 
pause .  As  the l ens  g rows  ( a f t e r  d i s tu rbance  of t h e r m a l  
equ i l ib r ium at the i c e - f o r m i n g  front) ,  i t s  t e m p e r a t u r e  
fa i l s ,  s ince  the f r eez ing  f ront  i s  s inking.  As the t em-  
p e r a t u r e  of the f r e e z i n g  soi l  fa l l s ,  the amount  of un- 
f rozen  m o i s t u r e  d e c r e a s e s .  A moment  a r r i v e s  when 
the t e m p e r a t u r e  of the f r eez ing  so i l  at  the i c e - f o r m i n g  
f ront  becomes  equal  to the t e m p e r a t u r e  T c at which 
the mig ra t ion  of m o i s t u r e  f rom the unfrozen so i l  
through the zone of f r eez ing  so i l  to the growing  ice  
lens  c e a s e s .  Thus,  in the f i r s t  approx imat ion  we can 
def ine the lens  growth t ime (~c) as  the t ime taken by 
the so i l  t e m p e r a t u r e  at the i c e - f o r m i n g  f ront  to p a s s  
f rom the t e m p e r a t u r e  at which f r eez ing  begins to the 
t e m p e r a t u r e  T c. This  t ime  i s  given by the e x p r e s s i o n  

1 [(  t. v 
, .  = ~ [ \ t . - - T  c ] 

The f r eez ing  depth of the soi l  beneath the ice  lens  
(in o ther  words ,  the th ickness  of the m i n e r a l  i n t e r -  
layer )  i s  

l = F~, (4) 

whe re  F = T c / ( t  B - Tc).  
The law of f r e e z i n g  of the so i l  beneath  the lens  can 

be r e p r e s e n t e d  as  

= ( V   -vT 0 - V o), 

where  To i s  the f r eez ing  t ime  up to fo rma t ion  of the 
ice l ens  in quest ion at depth ~. 

To s impl i fy  the p rob lem,  we wil l  take a s i m p l e r  
law of mot ion of the f r eez ing  front  beneath the growing 
lens:  

~ = ~ V~, 

where  o~ l = Tc( t  B - Tc)o~/t B (Tc(2t  B - Tc)) 1/2. W e d e -  
t e r m i n e  ~x 1 f r o m  the condi t ion that  at t ime  ~'e the th ick-  
ness  of the f rozen  Soil wil l  be equal  to l. The t e m p e r a -  
tu re  of the so i l  at the i c e - f o r m i n g  front  (at  depth ~) 
v a r i e s  with t ime accord ing  to the law 

= ~ al Vw ti 

A s s u m i n g  a l i nea r  r e l a t i o n  between the m o i s t u r e  po -  
ten t ia l  and the t e m p e r a t u r e  of the f r eez ing  so i l ,  we 
wr i t e  the e x p r e s s i o n  for  the m o i s t u r e  potent ia l  at the 
i c e - f o r m i n g  front:  

where  01 is  the value of the potent ia l  at the t e m p e r a -  
tu re  at which f r eez ing  begins;  n is  a p ropor t i ona l i t y  
fac to r .  

F u r t h e r m o r e ,  we de t e rmine  the mean in teg ra l  v a l -  
ue of the m o i s t u r e  po ten t ia l  at the i c e - f o r m i n g  f ront  in 
the p r e s e n c e  of a moving f r eez ing  front:  

t n V ~ d . q "  
Oav--~ T 7  , 

0 
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The m a t h e m a t i c a l  fo rmula t ion  of the p r o b l e m  of m o i s -  
ture  mig ra t i on  to an i c e - f o r m i n g  f ront  in the p r e s e n c e  
of a moving f r eez ing  f ront  has the fo rm 

0 z 0 m 
O Om _ K,~ ax7 0 ..< xt 4 ~,  (5) 
0TI 

0 0n . O ~ O. =~~ ' ~ ,~<~<  oo, (6) 
LT 
% = O ~ + n l / ~  at x~=O, (7) 

0n=0o at x~=o% (8) 

0~ = 0~ at x~ = ~i, (9) 

O 0,~ O 0, at xl = ~,  

Our  solut ion of p r o b l e m  (5)-(10)  has  the fo rm 

0.,  O r - l -  - -  0 o - - 0 ~  X 

___.~=.__- + - -  Coer[e 

where  

(I 1 

L, (, X1 ) 
+ V ~ t l  n ierfc 2 l K,/--~'[,~I , ' 

0 .  0o - -  0o i 01 
(1 i  

" ) 
2 VK- -~  + 

X I  , 
+ C~ b / ~  " ie r fc  2 ~ K, "q , 

(11) 

(12) 

X %'-J-~at + erfc ( - 2 - ~ - ~ )  2 a l  VK~%~s 

-i 

We d e t e r m i n e  the m o i s t u r e  fIow to the i c e - f o r m i n g  
front  in the p r e s e n c e  of a moving f r e e z i n g  front:  

00~ { 

ox~ i~,:o = 

Oo --- 0t x 

_ _  @ 1 [ C~ierfe ( a~ '~__ 

, 2 ~  K~ sj 2VK~-j 

If in p r o b l e m  (5)-(10) ins tead  of condit ion (6) we 
take the boundary condit ion 

O m = Oar at x~ = O, (14) 

the solut ion wil l  have the s i m p l e r  f o rm  

where  

Om = Oar-}- Oav--* O0 ,err ( X1 ) 
D 2 V~.,.-~, ' 

On = Oo Oar - -  Oo C~ erfc i xl ) 
D. 2 V K ~ ' q  ' 

e:x 

xoxp[-( v .  , <,, , ,n .  

, - -  err - - - - = - -  , D = C ~  [eft a~ ' " a~ 

x 
eri (x) - I / ' ~  ,. e -~:  dx ,  

0 

2 i -x~ erfc (x) = 1/~_ e dx, 

x 

ieHc(x)= f erfc(~)d~. 
x 

(15) 

(16) 

We wil l  d e t e r m i n e  the flow of m o i s t u r e  t o  a growing 
ice  lens  in the p r e s e n c e  of a moving f r e e z i n g  front:  

i = - -  %~ 0 0 m I AI 
ax--\- ~,=o V ~  ' (17) 

where  A 1 = Xm((eav -- 00)/D) (1/0rKm)l/2) .  F o r  s i m p l i -  
ci ty,  in the subsequent  ca lcu la t ions  we wil l  use  e x p r e s -  
sion (17) ins tead  of the m o r e  comple te  (13). 

Above we noted that the growth of the lens  p r o c e e d s  
both during a c e r t a i n  pause  in the motion of the f r e e z -  
ing f ront  and dur ing i t s  subsequent  cont inued descent .  
Dur ing this  pause  (rap) the f r eez ing  front  and the i c e -  
fo rming  front  a r e  at the s a m e  boundary.  To d e t e r m i n e  
mp we analyze  the e xp re s s ion  for  the total  heat  flow q 
to the f r eez ing  front dur ing  a pause:  

q = ~ A d K ~ .  (lS) 

It is one of the basic assumptions of any model of the 
moisture migration process that all the moisture at- 
tracted to the ice-forming front freezes rapidly. In 
other words, q should not exceed the flow of heat away 
from the freezing front, which is equal to kftB/~. 

Since limq (~i) = ee, during "rp the freezing front will 

coincide with the ice-forming front and moisture mi- 
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g ra t ion  wil l  take p lace  only in the unfrozen soi l .  The 
ma thema t i ca l  fo rmula t ion  of the p r o b l e m  of m o i s t u r e  

O! �9 

Z~tx 

F ig .  2, Schemat ic  r e p r e s e n t a t i o n  of 
the t ex tu re  of a f rozen  soi l .  

m ig ra t ion  to the i c e - f o r m i n g  front  in the p r e s e n c e  of 
a s t a t i ona ry  f r eez ing  front  has  the fo rm 

O ~ 0., O0--~ = ~ -  0 . . < x ~ ,  (19) 

On = O~ at x~ = O, (20) 

0n=Oo at  x l = ~ .  (21) 

As a r e s u l t  of solving p rob l em (19) - (2 t )  we obtain the 
fol lowing exp re s s ion  for  the mig ra t ion  flux: 

i = A2/V-~, (22) 

where  A 2 = -Xn(00 - 01)/0rKn)l/2. 
The t ime  ~'p is  found f rom the condi t ion 

~f t~ o A2 (23) 
) ~ p  ' 

whence r p  = (A2a/kftB)2~ 2. 
The  m o i s t u r e  accumula t ion  dur ing  t ime  rp  i s  e q u a l  

to 

2A~ 
Qp = ~ ~. (24) 

The m o i s t u r e  accumula t ion  dur ing  the motion of the 
f r eez ing  f ront  i s  equal to 

Qm = ~ d'Cl = 2A~ ( V ~ c  7- ~ ) ,  (25) 

where  T2, d e t e r m i n e d  f rom the condi t ion ~rAt/(~-~)l/~ = 
= XftB/~, i s  given by 

\ ~r t. / 

Subst i tut ing the e x p r e s s i o n  for  r e and r 2 into (25), we 
obtain 

Qm=2A~ [ V ~  [ ( t, /2__13 A t .  1 [\t.--Te / - - - ~ j  ~. (26) 

Adding e x p r e s s i o n s  (24) and (26) and mul t ip ly ing  the 
sum obtained by the coeff ic ient  1.09, we find the th ick-  
n e s s  of the ice  lens  (r) for  the e n t i r e  p e r i o d  of i t s  
growth: 

where  

r = RL (27) 

R = I . 0 9 / A ~ a  + 
t ~f Q 

......... i ..... t,~ ~ t 

 ,TJ! 

Thus,  we have d e t e r m i n e d  the th ickness  of the i ce  
lens  and the under ly ing  ra inera I  l aye r :  

r = R~; l =  F~. (28) 

To cons t ruc t  the tex ture  of the f rozen  so i l  i t  i s  n e c e s -  
s a r y  to know the depth of the f i r s t  ice lens.  Theg rowth  
of ice l a y e r s  begins at a f r eez ing  r a t e  not exceeding  
the s o - c a l l e d  c r i t i c a l  f r eez ing  r a t e  v c. The value of 
v e depends on the p r o p e r t i e s  of the soi l  and the m o i s -  
tu re  content  and i s  d e t e r m i n e d  expe r imen ta l ly .  Know- 
ing Ve, we can find the depth (zi) of the f i r s t  lens :  

zl = a~/2~e . (29) 

F i g u r e  2 i s  a s chema t i c  r e p r e s e n t a t i o n  of the t ex -  
ture  of a f rozen  soi l .  The ice  l ense s  a r e  denoted by 
the n u m e r a l  1, the mine ra l  l a y e r s  by the n u m e r a l  2. 
The depth of the f i r s t  lens is  given by e x p r e s s i o n  (29). 
F r o m  (28) we s u c c e s s i v e l y  d e t e r m i n e  the va lues  z2, 

Z 3, Z4,... : 

z~ = z , ( i +  R); zs = z l ( l + R ) ( l  + F); 

z4 ='z~(l+ R)~(I+ F). 

Hence the t h i cknesses  of the ice  l e n s e s  a re ,  r e s p e c -  
t ive ly ,  equal to 

Rzl; Rzl(t + R) (1+ F), 

RzI(I+ R)~(I+ F) 2, Rz~(l+ R)S(l+ F) 3 , 

or ,  in ge ne ra l  form,  

Rzl(I+R)~-'(I+F) ~-l, where  ~ =  I, 2, 3 . . . .  

The to ta l  t h i ckness  of a l l  the l ense s  i s  equal  to the 
heave of the so i l  (h s) and i s  given by the e x p r e s s i o n  

h s =  X R z t ( I + R ) ~ - I ( I + F )  j':<, 

where  s i s  the number  of l enses .  
To d e t e r m i n e  s, we as sume ,  for  example ,  that the 

f rozen  l a y e r  of soi l  ends in a m i n e r a l  i n t e r l a y e r .  The 
coord ina te s  of the lower  s u r f a c e s  of the m i n e r a l  i n t e r -  
l a y e r s  (z~, z 5, z 7 . . . .  ) a r e ,  r e s p e c t i v e l y ,  equal to 

z~ = z l ( l +  R) (1+ F), 

z~ = zx (1 + R) ~ (1 § F)L z7 = z~ ( 1 + R) a ( 1 + F) a , 
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or, in genera l  form,  

z,(I+R)~(I+F) ~, where ~ = 0 ,  1, 2,3 . . . .  

The coordinate of the lowest m ine ra l  i n t e r l aye r  
(~ = s) is equal to 

z l ( l +  R)~(I+ F)L 

The number  of ice lenses  is found f rom the condition 

z,(l+ R)~(t+ P)~ =h~, 

where hg is the thickness  of the f rozen layer  of soil. 
Hence, 

In h& 
Zl 

s =  In [(I~-R) (1+ F)] 

Thus, f rom the fo rmulas  presen ted  above it is pos-  
sible to de te rmine  the texture of a f rozen soil. 

In conclusion we note the following. The obtained 
l inear  re la t ion  between the thickness  r of the ice 
lenses ,  the mine ra l  i n t e r l aye r s  l and the f reez ing  
depth ~ is a t t r ibutable  to the introduct ion of a constant  
soil  t empera tu re  t B at the surface and a s implif ied 

law of f reez ing  of the soil  beneath the lens (~1 = 
= c~1(rl))1/2). Taking into account the var ia t ion  of soil 
t empera tu re  with t ime and the true law of f reezing 
leads to se r ious  mathemat ica l  difficult ies and, m o r e -  
over,  does not grea t ly  inc rease  the accuracy of the 
calculat ions ,  s ince the de te rmina t ion  of the heat and 
mass  t r ans f e r  cha rac t e r i s t i c s  of soi ls  is, in any case,  
approximate.  
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